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We investigate the resonant enhancement of nonlinear interactions in a three-mode cavity optome-
chanical system with two mechanical oscillators. By using the Keldysh Green’s function technique
we find that nonlinear effects on the cavity density of states can be greatly enhanced by the resonant
scattering of two phononic polaritons, due to their small effective dissipation. In the large detun-
ing limit and taking into account an upper bound on the achievable dressed coupling, the optimal
point for probing the nonlinear effect is obtained, showing that such three-mode system can exhibit
prominent nonlinear features also for relatively small values of g/κ.
I. INTRODUCTION
Optomechanical systems [1] have witnessed remarkable
progress in controlling the quantum state of the coupled
photonic and mechanical modes. Some highlights are the
demonstration of mechanical ground-state cooling [2–4],
generation of strongly squeezed light [5, 6] and mechani-
cal states [7, 8], coherent transduction [9], and entangle-
ment of remote mechanical oscillators [10, 11]. All these
applications are based on a linearized interaction under
strong optical drive, when the optomechanical coupling
is greatly enhanced by the large number of intracavity
photons. Continuous technical progress has allowed the
dressed coupling G to enter and even surpass the strong-
coupling regime [12–15].
On the other hand, nonlinear interactions are neces-
sary for the generation of non-classical states and a va-
riety of interesting effects were predicted [16–25]. For
these nonlinear signatures the relevant energy scale is the
single-photon optomechanical coupling g which, unfortu-
nately, remains much smaller than both the mechanical
frequency ωm and cavity damping κ in virtually all setups
with solid-state oscillators.
Some proposals for effectively enhancing the single-
photon coupling strength consider modifying the type
of drive, e.g., by introducing a squeezed optical input
or a mechanical parametric drive [24, 26, 27]. Recently,
it was also shown that multi-mode setups can allow for
a large enhancement of nonlinear effects [25]. An at-
tractive feature of the latter scheme is that relies on an
optomechanical chain which is very close to existing ex-
perimental setups. In particular, it is essentially equiva-
lent to four-mode optomechanical systems developed for
efficient nonreciprocity [28, 29].
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The aim of the present work is to explore if the op-
tomechanical chain of Ref. [25] can be further simplified,
while preserving a large enhancement factor of the non-
linear signatures with respect to the two-mode system. In
an optomechanical cavity, the largest nonlinear effects on
the optical density of states (DOS) are due to a resonant
scattering process between polaritons (i.e., the coupled
eigenmodes of the linearized system) [21–23]. The main
advantage of multi-mode setups is that two of these po-
laritons (instead of one) can be mechanical modes weakly
hybridized with the optical cavities. Although the non-
linear coupling between phonon-like polaritons is much
smaller than g, the reduction of the scattering amplitude
is compensated by the exceptional coherence properties
of the polaritons, whose lifetime is only limited by the
mechanical damping γ  κ [25].
The above discussion makes intuitively clear that a sin-
gle cavity interacting with two mechanical oscillators (see
Fig. 1) is the minimal setup where this physics can take
place. Indeed, we find that in a three-mode setup the
typical figure of merit (g/κ)2 of nonlinear effects can be
enhanced by a large factor which, quite naturally, de-
pends on the ratio κ/γ. The enhancement is large also
far from the optomechanical instability, and can be op-
timized with respect to the ratio of the two mechanical
frequencies. Doing so, we find that the largest enhance-
ment is proportional to (G/ωm)
2, thus is particularly in-
teresting in view of the recent success in achieving the
ultra-strong coupling regime [15].
The outline of our paper is as follows: In Sec. II we
introduce the model and in Sec. III we diagonalize the
linear part of the Hamiltonian. The approach to include
nonlinear effects is described in Sec. IV and applied nu-
merically in Sec. V. Physical understanding of the re-
sults, together with an approximate analytical treatment
in the most relevant regime of large detuning, is provided
in Sec. VI. Finally, we conclude in Sec VII and give some
technical details in Appendices A and B.
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FIG. 1. Schematic illustration of the three-mode optomechan-
ical systems. ωc is the cavity frequency and κ is the cavity
damping rate. ωmi are the mechanical frequencies and γi are
the mechanical damping rates. ωl is the frequency of the laser
drive, represented by the red arrow.
II. MODEL
As shown in Fig. 1, we consider a driven optomechan-
ical cavity with two mechanical oscillators. The system
is described by the Hamiltonian H = H0 +Hdiss, with:
H0 =ωca
†a+
(
αe−iωlta† + H.c.
)
+
∑
i=1,2
(
ωmib
†
i bi + gia
†a(bi + b
†
i )
)
. (1)
Here, a is the annihilation operator for cavity mode, ωc is
the cavity frequency, bi (i = 1, 2) are the annihilation op-
erators of the mechanical modes, ωmi are the mechanical
frequencies (we take ωm2 ≥ ωm1), gi is the single-photon
optomechanical coupling, and α is proportional to the
amplitude of a classical drive at frequency ωl. Hdiss de-
scribes the dissipation of photons and phonons by inde-
pendent baths:
Hdiss =
∑
i=1,2
∑
j
ωmi,jf
†
mi,jfmi,j +
∑
j
ωc,jf
†
c,jfc,j
− i
∑
i=1,2
∑
j
√
γi
2piρmi
(fmi,j − f†mi,j)(bi + b†i )
− i
∑
j
√
κ
2piρc
(fc,j − f†c,j)(a+ a†), (2)
where fc,j is the annihilation operator for cavity-bath
mode j (frequency ωc,j), κ is the damping rate of pho-
tons inside the cavity, and ρc is the cavity-bath density
of states. Furthermore, fmi,j is the annihilation operator
for bath mode j of mechanical resonator i = 1, 2 (fre-
quency ωmi,j), γi are the two mechanical damping rates,
and ρmi are the mechanical density of states. Because we
consider a Markovian bath, we take κ, ρc, γi, and ρmi to
be frequency independent.
After transforming the cavity mode to a frame rotat-
ing at the laser frequency ωl, and performing a standard
displacement transformation a = a + d (where a is the
classical cavity amplitude induced by the laser drive), the
Hamiltonian of the system takes the form Hl+Hnl where
Hl = −∆d†d+
∑
i=1,2
(
ωmib
†
i bi +Gi(d+ d
†)(bi + b
†
i )
)
.
(3)
Here, ∆ = ωl − ωc is the detuning and G1,2 = g1,2a are
the dressed couplings which, for definiteness, we take as
real. The average number of photons in the cavity is N =
a¯2. While Hl describes the linear interactions between
photon modes and mechanical modes, Hnl includes the
intrinsically nonlinear interaction of system:
Hnl = g1d
†d(b1 + b
†
1) + g2d
†d(b2 + b
†
2). (4)
Throughout this work we focus on a red-detuned laser
(i.e., ∆ < 0), which allows to avoid optomechanical in-
stabilities in large range of parameters. Finally, Hdiss
is transformed in a similar way. In a frame rotating at
ωl for the phonon bath modes and after a rotating-wave
approximation, the final form is similar to Eq. (2) ex-
cept for the replacements ωc,j → ∆c,j = ωc,j − ωl and
(fc,j − f†c,j)(a+ a†)→ (fc,jd† − f†c,jd).
III. POLARITON EIGENMODES
As a first step, we consider the diagonalization of the
linear problem via a Bogoliubov transformation (where
T indicates the transpose):(
b1 b2 d
)T
= V
(
c1 c2 c3 c
†
1 c
†
2 c
†
3
)T
, (5)
leading to Hl =
∑
i=1,2,3 ωic
†
i ci. We impose
ω3 ≥ ω2 ≥ ω1 ≥ 0, (6)
where the requirement of positive frequencies is to en-
sure the stability of linear problem (this condition ne-
glects the effect of small damping rates κ, γi). The ci
are polariton modes, given by linear combinations of
the cavity and mechanical modes. The matrix V can
be most easily found in the coordinate representation,
in which the quadratures xi, pi (i = 1, 2, 3) are defined
through bi = (ωmixi + ipi)/
√
2ωmi for i = 1, 2 and
d = (|∆|x3 + ip3)/
√
2|∆|. With this notation, the linear
Hamiltonian Hl takes the form:
Hl =
∑
i
p2i
2
+
1
2
∑
i,j
xiMi,jxj , (7)
where
M =
 ω2m1 0 2G1
√|∆|ωm1
0 ω2m2 2G2
√|∆|ωm2
2G1
√|∆|ωm1 2G2√|∆|ωm2 ∆2
 .
(8)
3M is diagonalized by a (orthogonal) matrix U . Explicitly,
(UTMU)i,j = ω
2
i δi,j . Then V can be written in block-
matrix form:
V = (V+ V−), (9)
where V± are related to U as follows:
V± =

U11f±
(
ωm1
ω1
)
U12f±
(
ωm1
ω2
)
U13f±
(
ωm1
ω3
)
U21f±
(
ωm2
ω1
)
U22f±
(
ωm2
ω2
)
U23f±
(
ωm2
ω3
)
U31f±
(
|∆|
ω1
)
U32f±
(
|∆|
ω2
)
U33f±
(
|∆|
ω3
)
 ,
(10)
with f±(x) = (
√
x ±√1/x)/2. Clearly, all matrix ele-
ments of V are real.
Unfortunately, analytic expressions of U and V are not
available in general. This is at variance with the optome-
chanical ring treated in Ref. [25], where translational in-
variance allows to transform the multi-mode problem into
independent 2-mode systems. Here, only the special case
ωm1 = ωm2 can be easily treated as a 2-mode system,
by introducing a ‘dark’ and ‘bright’ mechanical mode
as discussed in Appendix A. Although M is easily di-
agonalized, the dark mode is completely decoupled from
the cavity (even after including the nonlinear interaction)
and scattering between phonon-like modes is not allowed.
Since the nonlinear effects at ωm1 = ωm2 are of the
same order of a simple optomechanical cavity, we should
consider the general case ωm1 6= ωm2. We will be able
to obtain analytical expressions in the relevant regime of
large detuning, based on a perturbative treatment. For
this approach we require |∆|  ωmi, Gi, to have the off-
diagonal elements of M smaller than the gap ∆2, see
Eq. (8). Within this approach we obtain the eigenfre-
quencies as follows (see Appendix B):
ω21,2 '
1
2
(
ω2m1 + ω
2
m2 −B211 −B222
∓
√
(ω2m1 − ω2m2 −B211 +B222)2 + 4B412
)
, (11)
ω23 '∆2 +B211 +B222, (12)
where we defined
B2ij =
4
|∆|GiGj
√
ωmiωmj . (13)
The sign in Eq. (11) is chosen to satisfy ω2 ≥ ω1. Using
ω21 ≥ 0 we get the stability condition:
4G21ωm2 + 4G
2
2ωm1 ≤ |∆|ωm1ωm2. (14)
IV. GENERAL FORMALISM
To characterize the effects of the nonlinear interac-
tion, we follow the treatment developed in Ref. [22] for
the two-mode system and extended to multi-mode op-
tomechanical chains in Ref. [25]. Within this approach,
the retarded photon Green’s function GR[d, d†;ω] =
−i ∫ +∞−∞ dteiωt 〈[d(t), d†(0)]〉 θ(t) (where θ(t) is the Heav-
iside step function) is computed with the Keldysh dia-
grammatic technique by including the nonlinear interac-
tion Hnl through a dominant second-order correction to
the self-energy. This approach is justified by the small-
ness of the nonlinear interaction.
Several observable quantities can be extracted from
GR[d, d†;ω] and we will focus on the cavity DOS ρd(ω),
defined as follows:
ρd(ω) = − 1
pi
ImGR[d, d†;ω]. (15)
The modification of the optomechanically induced trans-
parency (OMIT) signal can also be easily extracted from
GR[d, d†;ω], and is directly related to ρd(ω). The rela-
tion between the polaritons and photon Green’s functions
immediately follows from Eq. (5), leading to the follow-
ing expression of ρd in terms of the polariton retarded
Green’s functions:
ρd(ω) =− 1
pi
Im
{ 3∑
i=1
(
V 23,iG
R[ci, c
†
i ;ω]
+V 23,i+3G
R[c†i , ci;ω]
)}
, (16)
where we have neglected the contribution from the small
off-diagonal components GR[ci, c
†
j ;ω], with i 6= j (which
is justified where the nonlinear interaction and polariton
dampings are much smaller than the differences between
polariton frequencies). Considering the nonlinear inter-
action, the Green’s functions entering Eq. (16) are:
GR[ci, c
†
i ;ω] =
1
ω − ωi + iκi2 − ΣRi (ω)
, (17)
and GR[c†i , ci;ω] = (G
R[ci, c
†
i ;−ω])∗. In Eq. (17), κi is
the effective dissipation of polariton i and ΣRi (ω) is the
retarded self-energy. The explicit form of these quantities
is discussed below.
First we consider the effect of Hdiss, giving the follow-
ing damping rates of the polaritons:
κi = κV
2
3,i − κV 23,i+3 +
∑
j=1,2
γj (Vj,i + Vj,i+3)
2
, (18)
where we can recognize three distinct contributions
(from the cavity and two phonon baths). The dif-
ferent form in which the matrix elements Vi,j enter
the photon- and photon-bath contributions is due to
the quantum heating induced by the drive on the cav-
ity mode, leading to bath modes with negative fre-
quency in the rotating frame (∆c,i > −ωl). The un-
perturbed retarded Green’s function is simply given by
GR0 [ci, c
†
i ;ω] = 1/ (ω − ωi + iκi/2). In the perturbative
calculation of ΣRi (ω), it is also necessary to consider
the Keldysh Green’s function, GK0 [ci, c
†
i ;ω] = 2i(2ni +
41)ImGR0 [ci, c
†
i ;ω]. Here ni are the occupation numbers of
the free polaritons, which can also be found from Hdiss:
ni =
κ
κi
V 23,i+3 +
∑
j=1,2
γj
κi
(Vj,i + Vj,i+3)
2
nB(ωi), (19)
where nB(ωi) = 1/(e
βωi − 1) is the Bose-Einstein distri-
bution function, evaluated at the frequency of polariton
ci and the (physical) temperature of the two mechanical
baths. In the above expression we assume the optical
cavity bath to be effectively at zero temperature.
Now we consider the self-energy induced by the non-
linear interaction Eq. (4), which is useful to rewrite in
the polariton basis as:
Hnl =
(
g322c3c
†
2c
†
2 + g311c3c
†
1c
†
1 + g321c3c
†
2c
†
1
+ g211c2c
†
1c
†
1 + H.c.
)
+ . . . , (20)
where we rely on the fact that each nonlinear term can
only contribute appreciably if the system is close to a
resonant condition. Therefore, we dropped contributions
which obviously cannot be resonant, e.g., terms ∝ c†i c†jc†k.
Among the terms ∝ cic†jc†k, the only important ones are
the four explicitly written in Eq. (20), after taking into
account the requirement ωi ' ωj + ωk and our conven-
tional ordering of eigenfrequencies (6).
The various contributions to the self-energy arising
from Eq. (20) can be computed in a relatively straightfor-
ward way following the discussion of 2-mode and 4-mode
systems [22, 25]. However, as a further simplification, we
will consider the regime of low-energy polaritons i = 1, 2
with predominantly mechanical character. In this case, it
is expected that the effect of scattering process g211c2c
†
1c
†
1
is greatly enhanced, due to the long lifetime of the po-
lariton modes [25]. From Eq. (8) we see that a simple
condition to quench the mixing of optical and mechani-
cal modes is |∆|  ωmi, Gi, i.e., the perturbative regime
mentioned already. Since ω3 ' |∆|  ω1,2, it is quite
clear that the condition ω3 = ωj +ωk cannot be realized,
which justifies neglecting the first line of Eq. (20).
In summary, in the rest of the paper we will focus on
a parameter regime where the nonlinear interaction can
be approximated as:
Hnl ' g211(c2c†1c†1 + c1c1c†2). (21)
The explicit expression of g211 is
g211 =
∑
i=1,2
gi [(V3,1V3,2 + V3,4V3,5) (Vi,1 + Vi,4)
+V3,1V3,4 (Vi,2 + Vi,5)] . (22)
Since the nonlinear problem is effectively simplified to
a two-mode system, we can rely on previous analysis to
write the relevant polariton self-energies as follows:
ΣR1 (ω) = 4g
2
211
n1 − n2
ω + ω1 − ω2 + i(κ1 + κ2)/2 , (23)
ΣR2 (ω) = 4g
2
211
n1 + 1/2
ω − 2ω1 + iκ1 , (24)
FIG. 2. Panels (a)-(c) show the dependence of I (quantify-
ing nonlinear effects) on the dressed coupling G2 = g2
√
N
and detuning |∆|, at fixed values of ωm2/ωm1 (see figure)
and g1/g2 = 1 (implying G1 = G2). The boundary of the
colored regions is given by the stability condition Eq. (14).
The black dashed curves are approximate resonant curves of
the form c
√
ωm1|∆|, where the numerical prefactor c is com-
puted using the large-|∆| expressions Eq. (11). Panel (d)
shows the resonant condition ω2 = 2ω1 obtained from the ex-
act spectrum of Eq. (8). Each curve is computed at a different
value of ωm2/ωm1, indicated in the plot. Other parameters
(taking ωm1 = 1): κ = 0.02, γ1,2 = 2 × 10−6, T = 0, and
g1 = g2 = 2× 10−4.
while ΣR3 (ω) ' 0.
V. RESONANT ENHANCEMENT OF
NONLINEAR EFFECTS
Examples quantifying nonlinear effects through the
formalism described above are shown in Fig. 2(a-c).
There, we have evaluated ρd using Eqs. (16), (17) and the
perturbative self-energies Eqs. (23), (24). More precisely,
we plot (in logarithmic scale) the following quantity:
I = max
ω
∣∣ρd(ω)− ρ0d(ω)∣∣ , (25)
where ρ0d(ω) is the DOS without nonlinearity, i.e., assum-
ing Hnl = 0. I gives the maximum deviation of ρd(ω) in-
duced by the nonlinear interactions over the whole spec-
trum. Considering I as function of the drive strength
and detuning at fixed values of ωm1, ωm2, and g1,2, the
most prominent feature within the stability region is the
presence of a sharp line at which the nonlinear effects are
enhanced. This condition corresponds to the resonance
ω2 = 2ω1, which can be determined from the spectrum
of Eq. (8). We show in Fig. 2(d) how the resonant curves
are modified by the ratio ωm2/ωm1. The resonant lines
found from the spectrum match well the enhancement
observed in panels (a-c).
5Without any restrictions on the maximum photon
number N , the most favorable regime is the one of large
detuning |∆|  ωm1 and smaller ratios ωm2/ωm1 & 1.
Similarly to the four-mode optomechanical ring discussed
in Ref. 25, a large value of |∆| leads to enhanced nonlin-
ear effects by inducing phonon-like polaritons with very
small damping. Furthermore, as seen in Fig. 2, a smaller
value of ωm2/ωm1 allows the resonant curve to approach
the boundary of the unstable regime. We note, however,
that the optimization of ωm2/ωm1 is nontrivial since for
ωm2/ωm1 = 1 nonlinear effects drop to small values (see
Appendix A).
In the spectral domain, the DOS is characterized by
three nearly Lorenzian polariton peaks. As it turns out,
the largest changes in the DOS occur at the two lower
peaks, with frequencies ω1,2. The high-frequency po-
lariton is not involved in the resonant scattering pro-
cess and the corresponding peak at ω3 is hardly affected
by nonlinear effects. To quantify the change of DOS
at ω1,2 we can evaluate Eq. (16) at the relevant polari-
ton frequencies and keep only the dominant contribution
∝ GR[cj , c†j ;ωj ], thus obtaining the approximate expres-
sions:
ρd(ω1) ≈ 2V
2
31
piκ1
1
1 + Ceff,1
, ρd(ω2) ≈ 2V
2
32
piκ2
1
1 + Ceff,2
,
(26)
where the effective cooperativities appearing in the de-
nominators are given by
Ceff,1 =
16g2211(n1 − n2)
κ1(κ1 + κ2)
, Ceff,2 =
4g2211(1 + 2n1)
κ1κ2
.
(27)
The Ceff,j are directly related to the relative changes
of DOS induced by the nonlinear interaction, since∣∣ρd(ω)− ρ0d(ω)∣∣ /ρd(ωj) ' Ceff,j (usually, Ceff,j  1, due
to the weakness of nonlinear interactions). In the follow-
ing we will mostly discuss Ceff,2, which is more directly
comparable to the two-mode system (in the two-mode
system, ni  1 and the nonlinear effects at the lower po-
lariton are small). However, we will discuss at the end of
Sec. VI that for the three-mode system the two coopera-
tives are similar at the optimal point, thus the behavior
of Ceff,2 is also representative for Ceff,1 (see also Fig. 6).
Examples of the numerically evaluated Ceff,2 as func-
tion of |∆| along the resonant curves are shown in Fig. 3.
The dependence of Ceff,2 is non-monotonic, similarly to
the four-mode chain [25]. The decrease of Ceff,2 at large
|∆| is due to the saturation of the polariton damping κ1,2
to the bare mechanical dissipation rates, γ1,2 (a more de-
tailed discussion is provided later on). We also see that,
in agreement with the previous discussion, the curves
with a smaller ωm2/ωm1 lead to larger values of Ceff,2.
However, this advantageous behavior does not take into
account any practical limitation on the maximum achiev-
able dressed coupling strength.
Since it is difficult to realize values of G1,2 approach-
ing the mechanical frequency (the regime of ultrastrong
coupling [15]), we also consider the effect of a upper cut-
0 10 20 30 40
0
0.05
0.1
0.15
0.2
FIG. 3. Dependence of Ceff,2 on |∆| along the resonant curves,
at different values of the ratio ωm2/ωm1 (as indicated for each
solid curve). The dashed lines correspond to the condition
G1,2 ≤ Gmax, with Gmax/ωm1 = 0.5, 0.4, 0.3 (top to bottom).
For each solid curve, the blue star marks the maximum value
of |∆|/ωm1 allowed by G1,2 ≤ 0.5ωm1. Other parameters are
the same of Fig. 2.
off G1,2 ≤ Gmax, where Gmax is smaller than ωm1. This
restriction is illustrated by the dashed curves of Fig. 3.
As seen, a system with smaller value of ωm2/ωm1 suf-
fers a strong reduction on the maximum value of |∆|,
marked by a blue star for each solid curve (considering
Gmax = 0.5ωm1). Therefore, one has to strike a com-
promise between the generally advantageous effect of re-
ducing ωm2/ωm1 and the more restrictive range of |∆|.
The optimal choice of ωm2/ωm1 is generally slightly be-
low 2. For example, we see that the purple curve with
ωm2/ωm1 = 1.97 hits the upper dashed boundary close
to its maximum, thus represents the optimal choice when
Gmax = 0.5ωm1.
We also show in Fig. 4 a density plot of the maxi-
mum Ceff,2 (i.e., after optimizing over ∆) as function of
g1/g2 and ωm2/ωm1, for two different choices of Gmax.
The largest value is marked by a white dot and satisfies
g1 = g2. Instead, the optimal value of ωm2/ωm1 is always
slightly below 2 but depends on Gmax.
Finally, we note that in Fig. 3 the largest value of
Ceff,2 (the maxima of the dashed curves) are attained
in the regime of large detunings |∆|  ωm1. In the next
Sec. VI we explore more explicitly this limit, which allows
us to obtain analytical expressions through a perturba-
tive treatment and identify the most relevant parametric
dependences.
VI. LARGE DETUNING LIMIT
By assuming |∆|  ωm1, ωm2 and relatively small
dressed couplings, G1,2 . ωm1, we can diagonalize
6FIG. 4. Maximum value of Ceff,2 (i.e., optimized over ∆)
for different ratios of ωm2/ωm1 and g1/g2, with the restric-
tion max[G1, G2] ≤ Gmax. The dots mark the optimal values
C˜eff,2. We used the following parameters (in units of ωm1):
κ = 0.02, max[g1, g2] = 2× 10−4, and γ1,2 = 2× 10−6.
Eq. (8) perturbatively and simplify the expressions of the
linear transformation matrices U and V (see Appendix B
for details). Under these conditions, the two lower polari-
ton modes are phonon-like, i.e., they are weakly mixed
with the optical cavity. Their dampings take the approx-
imate form:
κi ' 4G
2
iωmi
|∆|3 κ+ γi, (28)
where i = 1, 2. The total decay rate is the sum of an op-
tical contribution, due to the small mixing to the optical
cavity, and the regular mechanical damping. With the
same approach we also obtain the relevant occupation
number and effective interaction as follows:
n1 '
(
γ1∆
2
κG21
+ 4
ωm1
|∆|
)−1
, g211 ' 3g1G1G2
∆2
. (29)
These expressions can be substituted in Eq. (27), giving:
Ceff,2 '
72κg2G62|∆|3
(
1 + γ1∆
2
2κG22
+ 2ωm1|∆|
)
(4G22ωm1κ+ γ1|∆|3)2 (8G22ωm1κ+ γ2|∆|3)
,
(30)
where we used that, as in Fig. 4, the optimal point oc-
curs for g1 = g2 ≡ g (thus G1 = G2) and ωm2 ' 2ωm1.
Note that the expression of Ceff,2 is derived at resonance,
implying that G2 and ∆ in Eq. (30) must satisfy the reso-
nant condition. From the expressions of ω1,2 in Eq. (11),
and taking into account g2/g1 = 1 and ωm2/ωm1 ' 2, we
obtain the following approximate relationship:
G2 '
√(
ωm1 − ωm2
2
)
|∆|. (31)
We now proceed to optimize Eq. (30) and set G2 =
Gmax. For simplicity we consider equal mechanical
dampings γ1,2 = γ (extension to unequal dampings is
straightforward) and work under the assumption that
1 + γ1∆
2/(2κG21) + 2ωm1/|∆| ' 1 in the numerator of
Eq. (30). The latter approximation implies:
R =
(
Gmax
ωm1
)2
κ
γ
 1. (32)
As it will become clear in the following, R is an im-
portant parameter controlling the enhancement of Ceff,2
with respect to a two-mode system. Therefore, having a
large value of R is desirable. Under these assumptions,
Eq. (30) simplifies to:
Ceff,2 ' 72κg
2G6max|∆|3
(4G2maxωm1κ+ γ|∆|3)2 (8G2maxωm1κ+ γ|∆|3)
,
(33)
where the resonant condition reads:
|∆| ' G
2
max
ωm1
(
1− ωm2
2ωm1
)−1
. (34)
Equations (33) and (34) give the maximum Ceff,2 at
given mechanical frequencies. A comparison of the ap-
proximate result and the numerical evaluation is provided
in Fig. 5(a), showing good agreement. As noted previ-
ously in Fig. 4, there is an optimal value of the ratio
ωm2/ωm1, giving the largest nonlinear effect. To find
this value we further optimize Eq. (33) with respect to
ωm2 and obtain:
C˜eff,2 ' (c1R+ c2R2/3 + . . .)
( g
κ
)2
, (35)
where the coefficients are c1 = 9(5
√
5 − 11)/4 ≈ 0.41
and c2 = 9(7 − 3
√
5)/ 3
√
16(
√
5− 1) ≈ 0.97. The numer-
ical prefactor in Eq. (35) is expressed through powers of
the large enhancement factor R and the fully optimized
cooperativity C˜eff,2 exhibits a monotonic dependence on
Gmax, due to the quadratic increase of R with Gmax [see
Eq. (32)]. In Fig. 5(b) we show that the increase of C˜eff,2
is well described by the approximate Eq. (35).
Finally, we find that the maximum of C˜eff,2 occurs at
ωm2
ωm1
' 2− c0
(γ
κ
)1/3(Gmax
ωm1
)4/3
, (36)
where c0 = (
√
5 + 1)1/3 ' 1.5. Since usually γ  κ,
the second term of Eq. (36) represents a small deviation
from ωm2 = 2ωm1. The inset of Fig. 5(a) shows that
a larger dressed optomechanical coupling Gmax causes
the optimal ratio ωm2/ωm1 to move farther away from
ωm2 = 2ωm1, besides allowing for more prominent non-
linear effects, which is in agreement with Eq. (36).
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FIG. 5. (a): Dependence of Ceff,2 on ωm2/ωm1, obtained
after optimizing ∆ with g1/g2 = 1 and G1,2 ≤ Gmax. The
main panel is for Gmax/ωm1 = 0.3 and presents a comparison
of the numerical curve (solid) to the approximate treatment
(dashed), described by Eqs. (30) and (34). The curves in
the inset are obtained numerically and illustrate the effect
of changing Gmax/ωm1. In particular, the Gmax/ωm1 = 0.1
and 0.5 curves are line cuts of Fig. 4. (b): Dependence of
the fully optimized cooperativity C˜eff,2 on Gmax/ωm1. The
dashed curve is the approximate Eq. (35). In both panels
we used (in units of ωm1): κ = 0.02, γ1,2 = 2 × 10−6, and
g1,2 = 2× 10−4.
A. Comparison to a two-mode system
We perform now a more specific comparison to the two-
mode setup, where the optimal point is at ∆ ' −2ωm,
leading to [25]:
Ceff ' 45
8
g2
κ2
. (two modes) (37)
As a reference we consider parameters from a very recent
electromechanical setup using a 3D superconducting cav-
ity, which allowed achieving ultrastrong parametric cou-
plings of order Gmax ∼ 0.4ωm [15]. With the parame-
ters listed in Table I, we estimate that the ultrastrong-
coupling regime would allow for a potentially large en-
hancement factor of order R ' 6 × 103. In fact, from
Eq. (35), the figure of merit for the nonlinear effects
would be a more accessible C˜eff,2 ' 0.5 × 10−4 in the
three-mode system, instead of Ceff ' 10−7 for the two-
mode setup.
It is also instructive to consider parameters from an
electromechanical setup with lumped elements (second
TABLE I. Parameters from two specific setups.
Peterson et al. [15] Teufel et al. [13]
ωc/2pi 6.506 GHz 7.47 GHz
κ/2pi 1.2 MHz 170 kHz
ωm/2pi 9.696 MHz 10.69 MHz
γ/2pi 31± 1 Hz 30 Hz
g/2pi 167± 2 Hz 230 Hz
Gmax/2pi 3.83 MHz 0.5 MHz
column of Table I) and a much smaller Gmax ∼ 0.05ωm.
Here, also due to the weaker cavity damping, we only
have R ' 12. Indeed, we estimate that the three-mode
system could achieve C˜eff,2 ' 2× 10−5, similar to Ceff '
10−5 of the two-mode setup.
The final values for C˜eff,2 in the two scenarios are sim-
ilar, despite the great difference in (g/κ)2. In the first
example, the value of C˜eff,2 suffers from the relatively
large damping of the microwave cavity. Improving that
parameter to the ∼ 100 kHz range would result in a much
larger value of (g/κ)2, thus approaching C˜eff,2 ' 10−3 in
the three-mode system. We also note that the working
point of Ref. [15] is at ∆ = −ωm, when the dressed op-
tomechanical coupling is limited by the optomechanical
instability to Gmax < 0.5ωm. However, here we consider
large values of |∆| and the onset of the instability is less
restrictive on Gmax. This is potentially beneficial to the
enhancement of nonlinear effects, due to the strong de-
pendence of R ∝ (Gmax/ωm)2.
B. Physical origin of the enhancement
We have seen that in a two-mode optomechanical sys-
tem Ceff ∼ (g/κ)2 [21–23]. Therefore, in Eq. (35) we can
identify c1R as the approximate enhancement factor in-
duced by the three-mode setup. As shown in the previous
section, a large value of R can be realized for relatively
small values of Gmax, due to the typical smallness of γ/κ.
To understand the physical origin of the enhancement,
it is useful to first examine the non-monotonic depen-
dence of Ceff,2 as function of ∆, shown in Fig. 3. As it
turns out, the maximum of Ceff,2 occurs approximately
when the mechanical damping γ becomes comparable to
the induced optical damping κopti [i.e., the first term of
Eq. (28)]. By taking into account the resonant condition,
one has:
κopt1 '
(
1− ωm2
2ωm1
)
4ω2m1
∆2
κ, (38)
while κopt2 ' 2κopt1 . Then, imposing κopti ∼ γ we estimate
that the maximum of Ceff,2 occurs at:
|∆∗| ∼
√
κ
γ
(
1− ωm2
2ωm1
)
ωm1. (39)
8To see that this value of ∆ is reasonable we first as-
sume |∆|  |∆∗|, when the mechanical damping can be
neglected. Setting γ1,2 = 0 in Eq. (30) and also neglect-
ing 2ωm1/|∆| in the numerator (since |∆|  ωm1), we
obtain a monotonically increasing function:
Ceff,2 ' 9
16
( g
κ
)2( |∆|
ωm1
)3
. (40)
The cubic dependence of Ceff,2 on ∆ has the following ori-
gin: In Eq. (27), the product κ1κ2 of damping rates con-
tribute to an enhancement factor ∼ (|∆|/ωm1)4 to the ef-
fective cooperativity. The increase of n1 is ∼ |∆|/(4ωm1),
and can also be attributed to the improved coherence of
the polariton modes [i.e., to the small κi denominator in
Eq. (19)]. On the other hand, as expected, the effective
interaction g211 is suppressed as |∆|−1. The final result
is the cubic enhancement factor (|∆|/ωm1)3.
The initial growth of Ceff,2 with |∆| is due to the
reduction of the hybridization with the optical modes,
which improves the coherence properties of the i = 1, 2
polaritons. This mechanism clearly breaks down when
|∆|  |∆∗| and κi ' γi is a constant. In that regime,
the behavior of Ceff,2 is dominated by the decreasing in-
teraction strength g211 between almost purely phononic
polaritons, resulting in the non-monotonic dependence.
A rough estimate of the maximum value of Ceff,2 is
obtained by evaluating Eq. (40) at ∆ = ∆∗:
Ceff,2 .
( g
κ
)2 [κ
γ
(
1− ωm2
2ωm1
)]3/2
. (41)
One can see from the presence of the factor (1− ωm22ωm1 )3/2
that, in principle, it is advantageous to decrease the ra-
tio ωm2/ωm1 away from ωm2 = 2ωm1. However, as dis-
cussed, one should take into account practical limitations
on the achievable G1,2.
With G1,2 ≤ Gmax, the maximum allowed value of |∆|
is given by Eq. (34), where the factor 1 − ωm22ωm1 appears
in the denominator (i.e., the allowed range shrinks by re-
ducing ωm2/ωm1). An approximate criterion to estimate
the optimal ωm2/ωm1 is to impose that the range of al-
lowed values of ∆ extends roughly up to the maximum
in Ceff,2. Equating Eqs. (34) and (39) yields:
1− ωm2
2ωm1
∼
(γ
κ
)1/3(Gmax
ωm1
)4/3
, (42)
and substituting this estimate in Eq. (41):
C˜eff,2 ∼
( g
κ
)2 κ
γ
(
Gmax
ωm1
)2
. (43)
The above Eqs. (42) and (43) are in agreement with the
more precise Eqs. (36) and (35), respectively. Through
this discussion, we see that the optimal values arise from
a competition between the reduction in the effective op-
tical damping at large |∆| and the presence of a resid-
ual mechanical damping, together with practical restric-
tions in achieving sufficiently large dressed optomechan-
ical couplings.
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FIG. 6. (a): Comparison of the cavity DOS in the linear
(red solid curve) and nonlinear regimes, using g1,2 = 0.01κ
(green dotted curve) and g1,2 = 0.1κ (blue dot-dashed curve).
We also used: |∆| = 13.22ωm1, G2 = 0.3ωm1, ωm2/ωm1 =
1.9858, κ = 0.02ωm1, γ1,2 = 10
−4κ. In the inset we show a
comparison of Ceff,1 (bottom curve) and Ceff,2 (top curve).
The two curves are already optimized over ∆, with g1,2 =
0.01κ. Other parameters are the same of the main plot. (b):
Dependence of ρd(ω1) as function of ∆ for several values of
g1,2 (other parameters are as in the upper panel). The sharp
dip corresponds to the resonant condition and becomes more
pronounced at larger values of g1,2. The inset shows the same
plot in a larger range of ∆.
C. Lineshape and lower polariton
We conclude this section by discussing the qualitative
change of lineshape induced by nonlinear effects. Since
here the damping rates of the two polaritons are com-
parable [see for example below Eq. (38), where we have
obtained κ2 ' 2κ1], the spectral lineshape is not modi-
fied qualitatively at small g. This behavior is illustrated
by the g = 0.01κ curves of Fig. 6(a) and is distinct from
what happens in a two-mode system, where a sharp dip
can be induced at the higher polariton peak for very small
9values of g [21–23]. Therefore, similar to the 4-mode
optomechanical ring [25], the nonlinear effects could be
more easily demonstrated by tuning external parameters
like ∆ and Gi across the resonant condition ω2 = 2ω1.
As shown in Fig. 6(b), this will induce a sharp feature
in the dependence of the density of states (or a related
observable, e.g., the OMIT signal [23, 25]).
Instead, if the optomechanical coupling can be made
larger, one enters in a regime where two distinct res-
onances appear, as illustrated in Fig. 6 by assuming
g1,2 = 0.1κ. The splittings of the ω1, ω2 polariton peaks
are respectively given by:
δ1 ' 4g211
√
n1 − n2, δ2 ' 4g211
√
n1 + 1/2, (44)
and they are resolved when δ1,2 & κ1,2.
Figure 6(a) also shows that the nonlinear effects at
the upper (ω2) and lower (ω1) polaritons are compara-
ble. This fact can be checked from our previous ana-
lytical expressions: In the regime of negligible γ1,2 we
have κ2/κ1 ' n1/n2 ' 2, leading to Ceff,1 ' 23Ceff,2
[based on Eq. (27)]. On the other hand, around the
maximum of the effective cooperativity we can estimate
κ2/κ1 ' n1/n2 ' 3/2, leading to Ceff,1 ' 25Ceff,2.
VII. CONCLUSION
In this paper, we investigate the nonlinear interac-
tion effects in a three-mode cavity optomechanical sys-
tem with one cavity mode and two mechanical modes.
To take full the advantage of the two mechanical modes,
we concentrate on a regime where resonant scattering of
phonon-like polaritons takes place.
Because of the very small polariton dissipation rates,
the nonlinear effects on the cavity density of states and
related observables can be greatly enhanced compared
to a regular optomechanical system. In the large detun-
ing limit and considering an upper bound on the largest
achievable dressed coupling, we obtain the optimal value
of the nonlinear effects. Our analytic expressions of the
optimal value indicate that the nonlinear effects can be
enhanced by a parameter which is typically large, since
it is proportional to the ratio κ/γ.
Although with small single-photon optomechanical
couplings g1,2 the nonlinear effects only induce a slight
modification of the spectral lineshape, it would still be
possible to observe sharp features by tuning system pa-
rameters across the resonant condition. On the other
hand, if a regime of sufficiently large g1,2 can be reached,
the splittings of the ω1, ω2 polariton peaks are clearly
established.
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Appendix A: Equal mechanical frequencies
If the two mechanical resonators have the same fre-
quency, i.e., ωm1 = ωm2 = ωm, the system becomes
equivalent to a two-mode optomechanical cavity. This
is easily seen by introducing the mechanical dark mode
b− and the bright mode b+:
b− =
G1b2 −G2b1
G˜
, (A1)
b+ =
G1b1 +G2b2
G˜
, (A2)
with G˜ =
√
G21 +G
2
2. Hence, we rewrite the Hamiltonian
as follows:
Hl +Hnl = −∆d†d+ ωmb†+b+ + ωmb†−b−
+G˜(d+ d†)(b+ + b
†
+) + g˜d
†d(b+ + b
†
+), (A3)
where g˜ = G˜/
√
N . We see that only the bright mode
interacts with the cavity and the optomechanical inter-
action has the standard form.
Appendix B: Approximate form of V
In this Appendix, we present the approximate form
of V in the large detuning limit |∆|  ωmi, Gi. We
first perform a block-diagonalization of M using quasi-
degenerate perturbation theory:
e−SMeS '
 ω2m1 −B211 −B212 0−B221 ω2m2 −B222 0
0 0 ∆2 +B211 +B
2
22
 ,
(B1)
where the B2ij , given by Eq. (13), are the second-
order correction with respect to the unperturbed matrix
M
(0)
i,j = ∆
2δ3,iδ3,j . For easier reference, we repeat here
their expression:
B2ij =
4
|∆|GiGj
√
ωmiωmj . (B2)
To lowest order, the transformation matrix S is given by:
S ' 1|∆|
 0 0 B110 0 B22
−B11 −B22 0
 . (B3)
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The eigenvalues of Eq. (B1) are the normal mode fre-
quencies ωi presented in Eq. (11). Diagonalization of
Eq. (B1) is simply through a rotation by an angle θ. Fi-
nally, combining eS and the rotation by θ, we find that
M is diagonalized by:
U '
 cos θ − sin θ
B11
|∆|
sin θ cos θ B22|∆|
−B11 cos θ+B22 sin θ|∆| B11 sin θ−B22 cos θ|∆| 1
 ,
(B4)
where tan 2θ = 2B212/(ω
2
m2 − ω2m1 +B211 −B222).
The above Eq. (B4) can be inserted in Eqs. (9) and (10)
to get the desired approximate form of V . For example,
in the calculation of κi (i = 1, 2) we need the following
quantities:
V 23,i − V 23,i+3 = U23,i,
(V1,i + V1,i+3)
2 = U21,i
ωm1
ωi
,
(V2,i + V2,i+3)
2 = U22,i
ωm2
ωi
, (B5)
which are readily obtained from Eq. (B4). Furthermore,
in the main text we impose the additional restriction
Gi  ωm1, ωm2. Then, it is not difficult to show that
the rotation angle θ is small. In Eq. (B5) we can approx-
imate U1,1 = U2,2 = 1 and U1,2 = U2,1 = 0, giving κ1,2
as in Eq. (28). Equation (29) for ni, g211 is obtained in a
similar way.
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